16. 


ON THE CHANGE OF SYSTEMS OF INDEPENDENT 
VARIABLES. 


[Quarterly Journal of Mathematics, 1. (1857), pp. 42—56, 126—134] 


(1) THE theorem contained in the subjoined pages having been printed *, 
with many typographical and other errors}, in the Proceedings of the Royal 
Society, Vol. vu. No. 8, I think, on account of its importance to the direct 
march of the differential caleulus, of which, as an instrument of expansion, it 
may be said to complete the processes, that the reissue of it in a more correct 
form may be acceptable and useful to the readers of this journal. 


The purpose of the theorem is to effect for any number of variables the 
same end which has been accomplished by Burmann and others for a single 
variable; that is to say, Y being supposed to be a function of the variables, 
&, y, ... 2, each of which is a given function of u, v, ... w, and a, B, ... ¥, 
being any positive integers, the theorem gives the complete development of 
(zy ($y (=) $ in terms of :' d a z, %. Such 

dæ) \dy/ `| Mz iW Ure ee i 
I say, is the primary form of the theorem ; but it enables us, as will hereafter 
be shown in this paper, in fact, and as a consequence, to do much more than 
this, namely, to solve the question of differential transformation, under its 
most general aspect. The question so proposed may be stated as follows : 

Given $, =0, $, — 0, ... n= 0, where each 6 is a function of a, a, ... Enpi 
it is required to pass from an expression in which the differentiations have 
respect to a, @, ... @ to an equivalent expression, in each of the terms of 
which the differentiations have respect to ,, ce, ... ze, these last-written 
quantities being any i arbitrarily chosen terms out of the given set of n +i 
variables, a, 4$, ... 44,4. Through the medium of the reversion of series, 
the solution of this problem for the case contemplated in the theorem 
about to be enunciated (where a, 2, ... æ; are given ezplicitly in terms of 

* Want of leisure prevented me then, and still prevents me, from producing the proof of the 
theorem, or the investigation by which I arrived at it, It must, however, be understood, that the 


theorem was not obtained tentatively, but that the proof of it is in my possession. 
[t p. 50 above.] 


8. IH. i 5 
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Uy, tls, ... uj), enables us to write down the solution for the case where these 
two systems of variables are connected by equations in the more general 
manner just above supposed. It may then be asked whether it is meant to 
affirm that Burmann's law for passing from one independent variable æ to 
another y, of which the first is a known function, conducts immediately to 
the law for effecting such change, when æ and y are connected through the 
intervention of one equation between z and y, or several equations between 
æ, y, and other connecting variables. The answer to this question is in the 
negative; for even if we take the simpler case where æ and y are connected 
by a single equation, it will be found that to solve the problem for this case 
in the manner indicated, we shall need to know the solution of the problem, 
how to pass to two variables, u, v, from two others, æ, y, given explicitly as 
functions of the former two; and so in general it is the fact, that the theorem 
applicable to the case of implicit connections between any number of variables, 
is always a corollary to the theorem applicable to the case of explicit connection 
between a greater number of variables. Thus it comes to pass, that Burmann's 
law for one variable explicitly connected with another, does not contain within 
itself the law for one variable implicitly connected with another; but the 
general law which I have discovered for a system of any number of variables 
explicitly connected with another such system, does contain within itself the 
general law for systems implicitly so connected *. 


As the theorem is one of considerable complexity, it will be rendered 
most easily intelligible by taking separately and successively the cases of 
two and of three variables; the reader will then not experience any difficulty 
in seeing how it is to be extended to any greater number. 


PROBLEM FOR Two VARIABLES. 


; ) s i d/d? 
9 o pu 
(2) Let z,y be given functions of u, v, it is required to express ( 3;) ( ii) F 


in terms of the partial differential coefficients of æ, y, S in respect of u and v. 


SOLUTION. 


Form the Jacobian determinant 


| de daw 
du’ dv |’ 

| dy dy 

| du' dv 


* Any linear function of infinity is still infinity, and all infinity is one, but not so of a finite 


integer ; thus it is that the particular does not carry with it the particular, although the general 
does the general. 
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which call J; the required expression will be made up of terms, each of 
which will have for its components; 1°, a power of (—); 2°, a positive integer 
numerical multiplier; 3°, a negative power of J; 4° and 5° (subject to a 
subsequent distinction into two sets), factors of the form 


d V / dy d\P (dé 
(za) (am) ^ (au) (ae) 9 
and 6°, a factor of the form (s) (2) » 
u) \dv 

The distinction of the factors under the combined headings 4 and 5 into 
two sets, referring to these headings separately taken, is dependent upon the 
values of p,q; p', q. The 4th heading is intended to comprise the factors, 
for which p=1 and g=0 or p —0,q4- 1, and similarly for p' and q’, that is, 
factors for which p--q or p'--q' is unity. The 5th heading comprises those 
factors in which p--q or p' +g (as the case may be), exceeds unity. These 
two sets require to be carefully distinguished and considered apart: those 


values of p,q; p', q' belonging to the second set will be distinguished by the 
letters a, b; a’, b’, so that it is to be understood that a +b » 1, a' +b » 1. 


The general term may thus be put under the form 


(—¥ 5 (Ge) (79) (7) «GY 
OPES 
x A(x) Ge) of xe 
x(a) (de) > 
The negative signs are employed with Y . is in the first line of factors, 


because, as will be seen when we pass to the case of more than two variables, 
it is the first minors of J which give rise to these factors, and these first 


minors are respectively 
dy. dy: ss dede 
dv’ du’ dv’ du’ 
The &e. in the second line of factors refers to a, b, | becoming changed 
into a, bi, l; da, ba, la &c.; and indicates that the product is to be taken of 
all the factors thus formed upon the type of 


(au) (a) *]- 
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Similarly, the &c. in the third line of factors refers to a’, b’, l’ becoming 
changed into a,’, bi, L' &c.; and the product taken of all such factors so 


formed upon the type of 
d\* sae yt 
(as) (8) 9]- 


[We may of course, if we please, write the first line under the form 


v N (dy\* (dy\? (da\* (daf 
(= Voge (att) e n) 
by making 7’ =i1+6+a’.] 
In the first place, 
i=l + &c. +l + &e. 


In the second place, 
o -—a4 B +a 4 68. 


In the third place, 


a + «= la + &c. 4- l'a + &e. + A, (1) 
B+B 5 lb + &. 410 + &c. + B, (2) 
and a8 =f 4l (3) 
d -8-29TX, (4) 

which two systems of equations of course imply the existence of the equation 
Xl (a - b — 1) - Xl (a +b -1) 2 (f- g) - (A +B). (5) 


And finally : 


- 


“i II (a 4- 8 — 1) H («+8 —1) 
veh, IIa IL IIa Ip’ 


" II (a - a — 1) I (8 - 8' — 1) 
(IL (Ia IL5y] x &e. x {IL} (IIa IL5^)"] x &e. x ILA TB’ 


IIn for any value of the integer n indicating the factorial 1.2.3 ... n, and D 

denoting the determinant hereunder written, namely : 

a+ B, 0, la + &c.,  lb-4- &c. 
0 «B8, Va +&e, UV + ec 


a, a, a+a’, 0 


B, B, 0, B+,’ 
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which writing la+ &c.= Bla, Va’ + &c. — Xl'à', and substituting for a+q’, 
Ela -- Xl'a/ +A, and for B+’, Elb-- XI'/' +B, becomes when developed 
(a + B) (« + 8) AB 

(8 (a+ B) Zla +B (a4 B) Sa] B 

+ (a (a + 8^) Xlb + a (a + 8) Ib] A 
D being essentially positive, M can only vanish when the following equations 
(or the analogues to them obtained by the interchange of a, a, A with b, 8, B) 
are fulfilled, namely : 


A — 0, B — 0, 
or A=0, B=0, ;: 8g =0, 
or A= 0; B0, a -— 0, 
or A=0, 'd20, g'-0, 
or A=0, B=0, Zia -0, 
or 420, #’=0, Zla=0, 
or 420, la=0, Xl'a' 20. 


(3) By way of illustration, let us suppose f= 2, g = 0, so that the expression 
dy d d 
to be developed is ~; I: which is to be expressed in terms of du? dots EA 


Tt will be the simpler mode of proceeding to find this development by actual 

expansion, and compare the result with that given by the theorem in the text. 
We shall find without difficulty by the ordinary process 

oo _ 1 (ayy NU Sandy ge 1 (4V ed 

da J*\dv) du^ J? du dv dudu ` J? du] dv 

1 dx (Sl dydy 2 dxdydy d'y d$ 


+ Ti dv Adv) dw du J’ dv dudv dudv du 
EFT LE 
v \du u 

1 dy an: area n dy dx dÙ 

-REG dutdu | J*\dv/ dududv du 
1 2 (5 2? d*?y dY 
~ JT’ dv 2) dv? du 

1 dæ (dyV dy dS 2dadydy dy d$ 

~ J’ dv (S) du? du ` J*dududv dudv dv 
aioe 
3 dv \du v dv 

1 dy (dy d'vd$ _ 2 dydydy dx d$ 

tT du FJ du dv — J'dududv dudv dv 
IE ERES 
J? du\du/ dw? dv 
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(4) In the first term 
a=2, 820, .ad-0, B =0; 
a=0, b=0, &.=0, Xi—0, 
a =0, V=0, &.=0, SI =0, 
A=2, B=0, ‘ 
and we have, as indicated by the theorem, 
4=>14+SU'=0, w=a+8 +a 4 8'—2, 
ata’ — Xla 4- Xl'a/ +A —2, 
B+’ = Xlb +V + B=0, 
a+ B -f-2, 
a 4 8'—g-0. 
II (a 4- 8 - 1) II («' - 9'—1 
N becomes ( STATS ) 
, Hara — 1) H (8 8 —1) 
ILA 
x (a+ 8) (« - 8) AB; 


it is easily seen that 
IL (84-8'-1)x B 


=I (8 4 8' — 1) x (8 8) 
= IIO = 1, 
(a + 8^) IH (a + 8' - 1) 2 IL (a + 8) 2 H0- 1, 
so that the value of the fraction above written is in fact 
II(a--8)A (II2p _ 
eLA — (II2p 


h 


In the second term, 
a=1, B=1, a/'2-0, 8'20; 
everything else remains as before, except that the numerical factor is (—)? N, 
that is, — N, where N — 2. 
(5) If we take the eighth term (the second one of the fourth line) we have 
a2, B=l, q-0, 9' x0, 
a=1, b=1, 4'—-0, K=O) Ziz-im1, 
=k B=0, 
and we have 
t=1+B+a=31+B+4+a' =2, 
o=a+B+a +8 =3, 
ata =la+A=2, 
B+ p’=lb+ B=1, 
a+ B=f+l=3, 
a’ +P’ =9=0, 
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and V becomes IL («c 8— 1) H (a - 8 —1) 


IIa1I8 IIa Ip’ 
Il (a+a’—1)11 (8+ /’-1 ji 
x TIT ILLE ) x ala’ + BDA, 
which, since II (a' + 8' — 1) x (a + 8") 2 H0 1, 
 H(a-8-1)A _ 12.2. 
Já ILA p.n 


(6) The above examples, although taken from the simplest terms, are in 
a certain sense exceptional cases, inasmuch as NV for these cases involves one 
or more fractions of the form 9; but this is a mere accident, resulting from 
the peculiar form of representation which I choose to employ, as being in 
general the most convenient to operate with. 


If we take the fifth term (that is, the second term of the second line), this 
exception does not apply. We have for this term 
aal; 8-1, a4 -1,. &=0, 
a=0; b=0 a'-1, SLK =l =l, 
A=1, B=0, 
_ lll x mo Tito 
Mix HI" Rix Bix Bi 
2x0x1x0 
=1,+(1x1+0+0x1x1)0} =2. 
+ 1x1x04+1x2x1. 


and we find N x D=D 


5 d 
(7) In general, to form all the terms in (45 (5) Sy, that is, to find all 


the systems of indices, we may begin by taking A + B = p, and giving to w in 
succession, every value from 1 to f+ g, and calling f+ y — n, and writing 
El (a +b- 1) 2 L, 
Ll (a +b- 1) 2 I", 
we have to combine each solution of the equation A + B = with each of the 
equation L+L’=n—,, that is, we may assume for A in succession each 
value from 1 to p, and for L, from 1 to n— y. 


It will be convenient to denote in general an integer which may be 
anything from 1 to p by [p]. We have then 


p 7 [n], 


4-[m]. 2-t- |»- bj]. 
L-|n-t)]. z-5-t- [a-t]. 
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We have then to break up L in every possible way into parts which will 
give by combining equal parts into groups all the values of l, (a -- b — 1). In 
like manner, the partitionment of Z/ will give all the values of I’, (œ -- b' — 1). 


Any of the values of a -- b — 1 and of a' + b' — 1 respectively being called 
c and c', we have 
a-[c--1] b=c+1-[ce4+1], «-—[c-4c1] V=” -1-[c +1]. 
Hence every system of 4, a,, bi; L5, do, bs; ... 
and of Dh, D i. Gas Os. 5. e: 
satisfying the equations of condition may be found. To find the corresponding 
values of a, 8; a’, 8' we must observe that one combination of the equations 
(1), (2), (3), (4), having been employed to obtain the quantities already found, 
only three of these equations are independent; we shall accordingly have 
a-[f-Xl] B=f+>l—[ft =I], 
a = Xla + Xl'a/ +A — a, 
| B' — Xib + il - B — 8, 
and the problem is completely resolved. 
(8) If now we pass to the case of three variables z, a’, æ”, given explicitly 
as functions of u, u’, v", we must take 


de de ds 
du' dw' dw" 
dz! dæ da’ 


du , du’ D d u” , 
du’ dw' du” 


| ; IRNED URR aN T dd d 
which, for greater brevity, using u, wu, u”, to denote =-, ;—5, +, may be 
du’ du’ du 
written 
ie, uc, Ue | 
ux, wa, wa 
ua, a’ a, an” 
The nine first minor determinants may then be expressed under the respective 
forms 


a aS a 
dix’ dua’ du'a’ 
dJ daJ dJ 

dua’  dwa' dw" 


dJ dJ dJ 


dua” , du az" , d uz" . 
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The general term in (E (y (Eys will then be 
(YF (aia) (ara) (ra) 


< (aa) (a) (vu) 


x (a ) (uz) Gre) 
«dy d G4 
JY dy qup 
l(a) ae) Gr) "xe 
(ii) (ae) Geer) ® 


and similarly to the last case 
$2 XI 4 Xl 4 XU, 
@=at+B+y 
+a’+ BP tY 
ta" + B" +y", 
a 4 aà' +a” =la + Xl'a' + Xl'a" -- A 
B -- 8 4-8" 2 XIb + XIV + U'b" +B 
y t y +y” = Sle + Xe’ + XÜUc" +O, 
a+B+y = f+ 
a + B+ =f’ +21 
a” +B’ ty =f" D, 
from which six equations we may deduce 
El (a b - c — 1) 4- SU (a! +b +e —1)4+ XU" (a" +b" +e” —1) 
=f+gth—-(A+B+0). 


(9) And the six equations first written may be solved in a manner 
analogous to the four equations in the preceding case, 


We have finally 
y H2 By - D TIG e ey — D TEC + "e 1) 
IIa Ng IH» Ia’ ILS Ny Ha" ILS" Hoy" 
— — II (a*a' 4a" - 1)II (84 8' - 8"—-1)H (yy t3" —1) 
* TIL (Ta TID Ho) x &c. x Ill’ (IMa Mb’ Hc Y x &e. x IU de T Ile’) x &e. 
x D+ (ILAILBIIC). 
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where D =the determinant following, namely, 


a - 8-4 y, 0, 0, Ela, Slb, Zle 
0, a t S +Y, 0, £4 Ww VEN Xlc 
0, Q^ 7 wA RTL ENEMY MD 
a, a’, a", ata +a”, 0, 0 i 
B, nA B", 0, Pre +e 0 
Y Y y^, 0, 0, yy +y” 


which, employing the equations 
a +a t a" — Xla 4 l'a + El'ad" +A 
B+B 4 g" 2 Xlb - XIV + Ub" +B 
y t y ty” 2 Xlc + Xe + XU'c" + €, 
may be expressed under the forms 
XA BC + uBC + p’CA + p"AB+ vA v B vy"C, 


where all the coefficients X, p, v, are essentially positive functions of a, B, y, 


&c., la, Xlb, Xlc, &c. 


The general form of D is apparent, as is also the reason why there is no 
term in which one of the indices, A, B, C ... does not appear, namely, that 
the sum of the lines in the lower half of the square, minus the sum of the 
lines in its upper half, gives rise to the line of terms following, which may be 
substituted in place of any one of the existing lines 


0/329,:0« 0. 4,1, :€^ v. 


so that one of the letters A, B, C ... must appear in every actual term of the 
development. : 


(10) Let us return for a moment to show what the theorem becomes 


for the case of a single variable æ, from which the transition is to be made 
to u. A 


_ de . 
~ du’ 
and the Ist minor which is a determinant of zero places, as is well known to 


those conversant with determinants, must be taken +1. The formula then 
becomes 


Cre FBP 4 (Br (Sy Bs 


For this case J 


s 


where illa. +l, o—a-la lag... 0a, 4- A, 


II (a — 1) II (a — 1) 
and N=- —^ LL — 
Ha TI} (IIa) IE, (May) ... Ml, (IIa, ye ILA db 
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a, a—AÀ 


where D= | = aA. 


a, a 


m II (a — 1) 
— Til, (IIa, x &e. x HZ, (THa,)e x IE (A — 1)' 


agreeing, as it ought, with Burmann’s Law. 


Hence N 


(11) For particular classes of terms NV admits of a reduction to a 
simpler form. 


Thus, in the case of three variables, suppose that the matrix 


a, DB, y assumes the form a, 0, 0, 


a, B, Y 0, 8, 0, 
«Bn 0, 0, y’, 
by which I mean that 
829, wy-0, 
aim Qc y 20, 
a’=0, g'-0. 


Then by substituting for the 4th, 5th, and 6th lines in D the differences 
between the 4th and Ist, the 5th and 2nd, the 6th and 3rd, respectively, 
D assumes the form 


ARMS SEDES Ela, Lib, Xle 
0; By 8; zta, I'd’, El’ 
0, 0, y”, AU. 2J" b", zr 


Ela 
0, i MERT PE SY A S Y ES Y 7 
+A : 
Elb 
0 0, 0, nna -X"W, -z' 
4 B, 
Xlc 
0 0 06. -3l«q. —3l'b", +e 
+0 
which 
| Xl'a' + Xl'a" + A, — Xl'a', — Xl"a" 
= ag y" x = Sib, Sib + Xi"b" + B, — >i” ' 
= Zlo, — XI'c', Elc + Xi'c' + C 


yo o" + 
L 


which we may call ay 
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The entire value of V is consequently 
ay „n (a= I (Bay (y di 1) 
HalIIg'lby c 
II (a — 1) II (8' — 1) II (y" — 1) 
* TII (Ia b Tic)! x &c. x IY (IIa IIb Hc^ x &e. x IH" (IIa Ho" IHc")" x &e. 
D 
* ITATIBIIC 
Tall’ Ty" 
= I (IIa IIb IIc) x &e. x Til’ (a HU IIc) x &e. x HZ" (Ia Tb” Ho") x &c. 
icai: Baltes 
ILAILSIIC 


(12) The form of D' is deserving of consideration on its own account. 
Call ZU! » Ay; XI" e Au 
3h =B,, Z'D"-B, 
Sloat G,; ie = 0;. 
Then D = ABC + (A, + A.) BC + (B, + Ba) CA + (C, + Ch) AB 
+ (B.C, + B,C, + B,C,) A + (0,4; + CoA. + CyAr) B 
+ (A,B. + A.B, + A,D,) C. 


The entire number of terms is 16. In general, for m variables the 
corresponding number will be (m --1)"—, as may easily be shown*. 


* The number of terms in D’, since each of them has positive unity for its numerical coefficient, 
is evidently the value of a determinant, which, for three variables, is 


3, -1, -1 | 
2$ E E 
| —-1, {Deas 


To find in general the value of such a determinant in its more general form 


à eS EU 
-1, Wo iM 
24 am I 


which is the discriminant of a (z?.-y?--2?) -2yz — 2zx — 2ry, we may observe that this latter 
formula becomes a perfect square, that is, loses two orders when a= —1. Hence (a+1)? is a 
factor of the determinant. Again, when a=2 the sum of all the terms in each column is zero. 
Hence (a—2) is also contained in it as a factor; the complete value of the determinant is 
therefore (a —2) (a--1)* that is, 42, when a=3; and so for a determinant of the mth order we 
obtain (a — (m — 1)j (a-- 1)"—1, which becomes (m 1)"-! when a=m. 

The same result may also be obtained directly by the integration of a linear equation of 
differences of the second order of the form given in the "x aps at the foot of page 14, in 
Mr Cohen's paper in this Journal. 

If we take D, which also, like D’, consists exclusively of positive terms, only with unit 
coefficients, the number of these terms for the case of 1, 2, 3 variables I find to be 1, 12, 432 ; 
and for the general case of m variables I presume that the law is m™ (m + 1)"7!. 
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The terms themselves may be found without calculation by means of a 
simple rule. 


Suppose that there are four variables, we may then find D' for the case 
corresponding to the one just treated of for three variables by taking the 


produet of 
A,+A,.+ Aa 4- A, 


B, + B. + Ba +B, 

C, + G+ C44 C, 

D, + Dy + D, 4 D, 
and rejecting every term in such product in which any group of the letters 
forms a cycle. 


Thus, for example, every term in which A, x B, enters must be rejected, 
because AB, BA is a cycle. 


So, again, every term in which A, x B.X C, enters must be rejected, 
because AB, BC, CA forms a cycle. 


We might take the product of Aa + A+ A. -- Aa +A, and the quantities 
similarly formed, and proceed as above; for since AA is a cycle, as is also 
BB, CC, DD, therefore A, B, C, D; will not appear in the final result. 


Applying the method of rejection, we find without difficulty D’, which 
represents the determinant 


A+4A,+A,+Aa, — A, — A,, — Aa 
— Ba, B+B,+B,+ Ba, — B., — B, 
— C4, - O6, O+ C, t C, 4 Cj, — 0, i 
S ^J, TN UR D D,4-D,4- D, | 


= ABCD + X (4, + A+ Aa) BOD - X (AB, + ABa + A.B, 
T ALD, ALB? AaBa+ AGB, ASDB4) CD 
A4B4C4 - (Av t Ae) BaCa + (B. Ba) C4 Aq (Ca + C») AaBa 
+= ( {Ba (Ca + Cy) + B.C4] Ca + {Cp (Ay + Ac) + Ca Ad} aa) D. 
+ (4. (B. + Ba) + 4b Be} Ba 
The total number of terms being 
1+4x3+8x6+4x 16 = 125 = 5$, 
as it ought to be. 
Other cases of simplification will readily suggest themselves; and, of 

course, when y=0, y=0, y’=0, which equations imply also Xlc—0, 
El'c' = 0, Xl'c" =0, and € 2 0, the value of NV will reduce as it ought to the 


form corresponding to the case of only two variables, and so in general (the 
value of the coefficient of any term in the development of the transformed 
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value of any differential coefficient of a function of several variables depending 
ouly upon such of them as appear in the term itself, and in no way upon the 


other variables not so appearing). 


(13) To indicate the method of passing from the theory of transformation . 
of systems explicitly to that of systems of variables implicitly connected, let 


f 
us suppose ¢ (x, y) — 0 and that ia is to be expressed in terms of 5 vibus 


We may make this transformation depend upon our being able to solve 
the following question in the reversion of series, namely : 


Given £-—ap- bo + e. o + 2dpo + ec?) + &c., 


n= dp tUs-ti75 +p + 2d'po + e'o?) + &o., 


to express pl'a' in terms of €, n. The solution of this question, when b=0, 
a’=0, has been given by Jacobi, Crelle, t. vt. 1830; and as is obvious and 
pointed out by Jacobi, the general case, by either of two methods, namely, 
combination of the equations or linear transformations effected in the variables 
p, c contained in them, may be made to depend on the particular case for 
which b —0, a’=0; but Jacobi has not followed out the effects of these 
processes, and apparently was not aware of the results being (as we may now 
see is the case) capable of an explicit representation, which mode of repre- 
sentation is essential for the purpose we have in view. 


Let æ, y be functions of u, v; and suppose z, y, to become æ+ £, y +n, 
S+7, when u and v become u+h and v+k respectively; then we shall 


have 


p du h okt Res + ge + TATE dot gea t +a +e, 
n= Yn 4. Hk + Be. + fee. + disti. dM kB +80} +&, 
ra Pt ee &e. + de. + E T LE M b+ be} e; 
but. treating 7 as a function of £, y, we have also 
T = &c. + (ae. 4 Uu iip tn + &e. + &c. 


Hence pods y, dito bei d f h r 
IF Tg’ dat dy’ eing expanded by means of our theorem in terms 


f d d $. th ; ' 2 Md nae xL 
ots doo? the coefficient in such expansion of du dy? will exhibit 


the value of the i Sn? in | ; 
he coefficient of £/w in the expansion of ILA "ih 
terms of & and 7. 
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(14) As there are no quantitative relations between the coefficients in 
the equations above written which express f and $, we are therefore now 
able to express the value of h4k® in terms of & and » when & and » are 
respectively expressed as rational integral functions of (and vanishing with) 
h and k. Thus, let us write in general 


E= 2p, , hk, 
n= Eq, s hk, 


where Poo and Qo o are each zero, but all the other values of p and q absolutely 
arbitrary. We have now Pr s, q,,, respectively replacing 


1 dr*z 1 


dry 
IIrIls du’ dv*’ 


Ir Ils du” dv* 
and consequently the general term in the expansion of h4k? as a function of 
E and » will be Zj gént, where 


HATIB N 
Ij, Tifllg E(-yte- Ja Ba t8 Q*s1 D* 0,1 91,0 p^, 


x (IIa IIb p,,;)! x &c. x (IIa TIV qu, i)" x &o., 


where 
p II (a+ 8 — 1) (a + 8' — 1) 
IIa1I8 Ia’ IIS" 
II (a+a’—1) I (8 4- 8 — 1) D 
* nj (IIa IIo) x &e. x IV (Ila Tb’ x &e. “TTA TLB’ 
and 
J= uo; Doi 
Quo» Qoi 
Hence 


ugs. U(a+ 8-1) 0 (a 8 — 1) 
Ij,-2 Ky Hala Ig 


Hata -1)I(848—1). O y 95, p* oio 


"i Ilg * (p. o Qoi — Por di, Qe -B' 
E +B, Xla, Elb | 
| «89, Da, ZU | 
x | | 
| % a’, ata’, | 
B, B, B+" 
x (s x &e. X Tey x JT 
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a, B; a’, B’; l, l, &c., being any system of positive integers which are capable 
of satisfying the equations 
a 4 8 — Xl 4 f, 
a + B= XI +f", 
ata’ 2 Ela 4- El'a/ + A, 
B 4- 8' = Xib - Xl + B. 

Hence the value of h4k®, which — X7; ,£/z?, is completely determined as 
an explicit function of £, », and the coefficients p, q, of the equations by which 
E, n, are given in terms of h and k. 

(15) So for three variables, supposing 

£2 Xm, AM Ilt, 
= En, st hks lt, 
E= Ep, nih kU, 
where 75,5», nooo 8nd py», are each zero, but all other values of m, n, p 
absolutely arbitrary, making 
7h99,  /oio, Mo,o,1 | 
75,00; Zonos 0,01 | = J, 
uoo  Pouo ooi 
and writing in general 


d log J 
dime Hii iy 
d log J 
Og ae 
d log J 
T ge $i v, i", 
we shall find hkl = ZI, t^, 


where 


Tyg > I x yaara" II (a 4- B 4 iy 1) 11 (a + Bp’ s y - 1)II(a" - 8" +y” —1) 


Tall P Uy Ha II Uy Ha" II" II 


If Ug Mh 


a a’ , , ” "n " 
xDx H 1,0,0 HPo,1,0 HYo,0,1 V* 1,0,0 vÊ 01,0 VY 0,0,1 * 1,0,0 PF 0,1,0 pY 0,0,1 


where D is a known determinant of the sixth order expressible in terms of 
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a, B, y; a, B, y ; «^, B", y"; Bla, Xb, Sle; Wa’, EV, Xv ; Xl"a", SVS 
Zl"c", and where 
at+tB+y=2+f, 
a +B +y =È +g, 
a" t BU y" =RU +h, 
a+a +a” — Ela Xl'a/ + Ela" + A, 
B+ B+ 8" = Xb + Vb' + Vb" + B, 
yt y ty’ = Elo + SMe’ + Sle’ + C. 


(16) Suppose now that we wish from the equation 0= Xp, ,h"k* to 
deduce the value of kê in ternis of h. 


We may put E= Xp, hit, 
n=h, 


and then apply the formula of reversion for finding kê in terms of & and 7; 
but since £ — 0, we may reject all the terms out of J; ,& m9, except those in 
which f=0; moreover, in adapting the formula applicable to this case, we 
must put g,,=0 for all values of the system r, s, except 1, 0, and for that 
system q;,—1; we have, therefore, to retain such terms only in Ieg for 
which a —0, Zla’ 20, XI = 


B, 0, Ela, Xib | 


D ly b ABB ut } 
consequently becomes ' d, u^ 0 
A, -R, 0, B+R 
| B, Elb +f , | E B+8'-B 
B4 g | TESI Beg 
— a' (a' 4- 8) BB; 
hence 
zs he- peme HAM GC +8) , TI (8 + 71) B 
" I Na’ 1p" lg 
re, Por PP x Baw x we}, 
with the conditions 
a’ = Xla, Ur ur (w) 
B+B -Xlb--B, a -8'-2g 
8. II. 6 
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we have, therefore, finally 


, IL (Z (b) - B—1] p, 3 0075 (Pra) (Prag) 
(EOF IIXi(b—1)-B]' p> ®t ' IU IU, Prela) 


with the sole condition deduced from the system (œw), 


l (a, + b, — 1) + l (as + b; — 1) 4+... - lí (a, - 0, 1) 5 g — B. 


Suppose, now, that $ (x, y) — 0, and that we wish to express e (where, 


for greater simplicity, I consider Y a function only of y) in terms of a, y, 
without solving the equation $ —0; we know that if we write 


d\t/d\° 
"A feci (Ga) [Jn 
do tti eee oe a + &o., 


then ES ai will be the coefficient of h9 in the expansion of 
Iig da? 
ds as wq E 


di dy 1.3 9 qs dy 1.2. [23 &c. in terms of h. 


Consequently, if we make 


d?$ d?$ 
da Mis dy? ' 
lg yia II {> (lb) + B — 1] 


E»-qy(g—1) ^ CC" mx B- SH} 


(ae) Qa) E. (a) Gn) 95 


NC gs "IU(HaHby '" “Til, (Ila, Hy 
dy 


where, as before, writing in general a, + b; — 1 = cz, 
lc + 50, + ec lece 9g — B, | 


g being now given, and B variable and subject to assume in succession every 
value from 1 up to B. 


(17) By way of verifying the above formula, and as a protection against 


accidental errors of calculation, suppose $ = — æ + y (y), 
so that dó | 1i db dw. 
dz , dy dy , 


the only terms to be retained are those in which no (a) index appears. 
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We have, therefore, for this case Xl (b — 1) 2 g — B, 


that is, 3b + B—i-g, 
and Pe niti Ai d. iem (EAE 
dy 


agreeing, as required, with Burmann’s law. 


(18) As another example, in illustration of the fact that our general 
theorem embraces the whole theory of reversion, suppose we have the equation 
Em, rq" kel! = 0, and that it is required from this equation to deduce /€ as a 
function of h and k. 


We may write E Xn, 47 hl, 
n=4, 
Uk. 

We have then (C= I, aq? i^, 


and in assigning the value of 7,,;, we need, moreover, to retain in 7,,; 
only those terms in which the a’, b’, c' and a”, b”, c" systems of indices are 
wanting; for 


Zla 2-0, We=0, We'=0, 
Xl"a" ój 0, EY ge g = 0, Xl"c" u- 0. 


Moreover a, 8, y; a’, B, y ; a”, 9", y”; being the indices respectively of the 
minor determinants of the matrix 
Too) T0; Mo,o15 
Et v WE- AM 
0 Lif uj 
we may consider a —0, 8—0, 8'—0, a" —0, since the minor determinants 


which have these indices are all zero. 


Hence, for the actual terms in 7,4, D becomes 


y, Aeg 4) CAMS. ZA, TN 

sate Me ge sg Spi. sxe 

peo me 5 hee ey 

xe E vas AS A 

y, y, P FT sasa onde VRE | 
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which obviously reduces to the form 


l 
e B" (a eX ey»? e te 


= 8" (al +y) (BY y") vC ; 
also the equations of condition between the indices become 
y = Xll, a’ = Sla, 
a+y=% B" = Zib, 
B'-y'-h wy-wy-c-wy'-Xe4C, 
in addition to the special equations 
a=0, B=0, a’=0, 8'—0. 


Hence l0 = X1, ng? k^, where J,» represents 


Tig IIA Ila’ TI” I (y+ y au! Mt) hoe 
(qme Ty TA” Ty” * Mg ITA 
=( UMS Ty hss Mo, 0,17 TF ( — mi o)Y ( — mio o) E 
" ILyILy II" Tta, o1 Y Y +a +B" * 
tyy" II (y - y t y" — 1) mY , o mY, oo 
i _ \wty't+ jj ,0, 
pim e ILy Hy Lo" fno VIN 
x made Mache : Macbece 
IU na ys HL 


where l (a; 4-5 - c — 1)-- ... - (a, c5, 4-6, —1) 2g -h — C, g and h being 
assumed of any values respectively, such that their sum is not less than C: 
the partitionment of g 4-  — C, gives every possible system 


h...; (a b--c—1).. (0, -5, -- 0, — 1); 


and to every such system correspond known systems of values of a, b, c; ...; 
e, be, Ce. We have then y= ZI, s 4- y" = El (c — 1) 4- C, which latter equation, 
for each value of c, gives Xl (c—1)+ C-- 1 systems of values of y and y”. 


Thus we have the complete solution of the equation Xm,,,q'k*l' = 0. 
| 
In like manner, if we suppose 7 variables q,, qo, ...q;, and for greater 


simplicity, in addition to the condition always supposed of the constant 
term being zero, likewise conceive that the coefficient shall be unity in each 
linear term of the equation 
My, fa... ridi qo” tee qi rg 0, 
we shall find 
q;4t — X (— ert 7 As Il (m+ y+ .. Rub bd 3, 
ILy, Ho, ... Hyi 


arn 
y M latania) gy Mae fetal 


IU C. X qu^ qa” ET qiii, 
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with the conditions following for finding the (y) and ta, ĉa ... ia ... !a,, ?a, ... a, 
systems, namely, 


El (a 4-?a t ... Fa 1) 2 i fo fia — Ai, 
y XL wyry..-cyi-Xl(a;—-1)-4 A;-4 1. 


(19) In like manner we may without diffieulty assign the general law 
for solving with like generality any number of simultaneous equations 
between any greater number of variables, the functions equivalent to zero 
being all supposed to be without a constant term, and to be expressed as 
rational integral functions of the variables; and we can consequently pass 
from one system of independent variables to any new system in whatever 
way, whether explicitly or implicitly, through any number of equations and 
any number of connecting variables, the two systems may be supposed 
to be related. 
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